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ABSTRACT 

Various writers have stated that an alternating 
current tachometer generator has a voltage output pro- 
portional to the shaft angular acceleration, when excited 
with direct current* 

This thesis deals with the derivation of & performance 
equation relating the voltage output to the shaft angular 
acceleration and an experimental and computer verification 
of the derived equation* It was found that the voltage 
output is proportional to the shaft angular acceleration 
modified by s deviation function* The deviation function 
is a function of the type of shaft motion to which the 
instrument ia subjected and in general decreases the 
proportionality with increasing shaft angular velocity* 
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The object of this theoic is to uhal 
irat-cup tachometer, that i„ e: cited v, i th 
the . crforra.nee equation relating volt a. e 
acceleration, "his analysis ir to verify 
iir.i tations on the use of this instrument 
accclcrc- .e ter . 



y^.e un 

j~c, to determine 
art put to oJiuft 

OX £.Stot>jLXOn 

ci j fcll 
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I The >J, llbU 

Several authors, notably /.hr end t and Davis , 

have stated that it is possible to excite ar- induction 
tachometer with d-c and obtain a d-c output voltaic pro- 
portional to the shaft angular acceleration. .hen the 
excitation is d-c, the quadrature flux adorn the secondary 
(output) axis will also be d-c '-ith i: density proportional 
to the speed of the rotor. .'ith t.*e rotor su&ft at constant 
speed, the flux aion c the output axis v>ii_ be steady ana 
’./ill not 4. encrote tn output volte.’ e. however, as the 
velocity changes (acceleration) tne output c.xis windings 
wile detect the rate of cnarpe of flux ana produce a a-c 
output voltage proportional to the acceleration of the 
shaft . 

This differs fro. the nor. -al application of an induction 
tachometer where ti e excitation is a-c anu tne output voltage 
in a-c with an amplitude proportional to the velocity of 
the shaft. 

( 5 ) ( 4 ) 

Fov.le and Lovett have sucessfully used this 

application of a a-c excited induction tachoeter in a 
servo loop as the source of a feedback sipnal propoi tional 
to acceleration, “he use of acceleration u*. pia ( in servo- 
nechunisms is unalorous to inertia, similar to velocity 
damping beint analogous to viscous dra^. :y proper august- 

numbers in ntixcse’s ruer to t..c i'ofeYeacco i n "the 

dibliopraphy . 



8 



neat oi the. occeueru tlon i: , a ne t _tivt inertia" cun 

be deci{ nea into u system. Tor incrcucin speed oi iespor^e. 

Fowle Mid l.ovett determined the angular ncccierution- 
output voltarc sensitivity of the tachometer experimentally 
ond useu a proportionality constant to represent the rela- 
tionship. 

Jhc purpose of this tneais is to verify or estsllisn 
limitations of the use of o proper tionulity constant to 
represent the peri or; -..race equation of the induction tuenometer 
when used as an accelerometer. 






H* LY3Xb 



Description of Tachometer Cousin ered 

The analysis Is made on a dreg-cup induction tachometer 
(induction generator) , Due to the availability of the unit 
itself end to information ns to Its physical properties^ 
an /ilvMA 1B400 INDUCTION O' JC&ATOJt is used. This la a four 
pole drag-cup induction generator -ith concent* at ed windings 
wound on a stationary laminated stater core® The magnetic 
pstn is completed through « laminated stator in the 
ator case. There are two sets of windings on the core 
located in electrical quadrature. The norral excitation 
when used as a tachometer is 115 volts 400 eps in series 
with a standard input network. 

The analysis is made considering a two pole device for 
simplicity, with notations made when the analysis is applied 
to the particular four pole tachometer used. 

Fig. A-l shows the physical dimensions of the AhUA 
1B400 and the description of the dimensions used in the 
analysis. 

Ass umptions us ed 

The analysis is based on the following assumptions: 

1® The main (input) winding is excited with 
direct current from a constant current 
source . 

2, The main winding flux, 4h> * s of constant 

value, evenly distributed around the periphery 
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u e r 


sit: , 


nor:. al to ti.e surface oi the 


cere 
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cup. 


effects of v.indin t slots on 


this 


uis 


tribut 


Ion are /reflected. 



5. Dae to the hit.n perr.eabli.it: of t.,e iron 
structure, ail the Limnetic potential drop 
is adsi, ea to occur across toe ail - pap. 

4. There is no, iif.i Lie ieuk.a L e flu:’, cue to 

rotor (cup) cur rents. The iearcu._o flux in 
the ruin windings is also ne^iectes :iue to 
the assur.pt ion of d~c excitation i 1 th a con- 
stant current source. 

bo The output -.Iik i.x, is operating effectively 

open circuit. ' n his can ie practically realized 
in actual use, so tha .. there is no effect uue 
to current in the output winalnfo . 

Derivation of f'erfon once hiuatlon 

Ir. this uerivation the .-Tactical Unit .>yste... ..ill 
be used. This is an adaption of the CGS hlectro;a& t r.etic 
Unit .. /stem usina volts, a: '.pares , _nr; ohms. 

Fi£. 2-1 shows the representations a:., symbols used 
in this derivation. 

= ~ 



= 4 ?[ ( 

10 V <R R ) 

= (Nm?m - ix) .axneile (1) 
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e out 




fy r.utaber of turns on the Y (output) axis winding. 

v Iux developed fro;, the -iain winding turns. 

i/. Kesultant flux in tne air c «p, oion,- the X-axis. 

% 

fy '’lux along the Y-axis. 

& ox ^fc'j ivt presentations of the instantaneous tnrnf’s 
produced by current f loving in a s i n £ lo coil 
(c-c) which represents an clement of the arag- 
cu;;. The x and y subscripts designates the flux 
cut by the coil to produce tne current. 'll the 
current produced by cutting <j> is symmetrical 
about the Y-axis and all the current prouuceh by 
cutting '|)t is symmetrical about t.,e 1-axis. 
.lOpresentutions of the resultant rutf*3 created by 
the currents in the drag-cup symmetrical about their 
respective axes. 



Fig. 2-1. representation and definitions of the flux and 

rj-.f symbols . 



1 n 



where 61 is tne xe^actance of tne magnetic p; th, unu since 
all the reluctance is considered to be concentrated in the 
air gap, 

/O _ 2 (gap length ) centimeters"-*- 

Ov (area ) 

Also, i x is the resultant current in a single coil 
equivalent of the Iran -cup to produce^. . i,. is symmetrical 

about the X axis. Ilmilarly , iy is the .resultant current, 
symmetrical about the Y axis, which would flow in a single 
coil equivalent to produce^y. Therefore 



and 



<j) Y= 4iiv = iOL , 

_ _ 

k ( area ) 10 (area) (2qa^( Q rea) 



/y= 1 0 £ I0<R ^ 

g ^ AJL ?x) 



( 2 ) 



also 



B y - 



?x) 

10 (2cj) 

4? r 



\0(2q) 






gauss (0) 



(1) 



Nov. usifi; the assumption of square wave distribution 
of flux on the pule faces, the induced enf’s cue to rotation 
of the cup are: 

= -Kr 2 Ba 0 volts (o) 



4 



10 " 



€ sy = 2 B y Xr 9 



(s) 



*3ee ^ppciuix A, Kq. A-4 



13 



’• he < i i e > -ue o c sj>«~ed voltages iue to cuttin*. b 
3-^ respectively, J is the axis! length. it the pole 
face, r is the radius to the center of the cop shell, and 

* 

6 is the speed of rotation of the drag-cup expressed in 
neohanical roaians per second, 

Again considering the arng-cup as an equivalent single 

coil 

L ii^ + r; h = e„ 



(7) 



L 



di; 



dt 



4" R } x — ^ 



(0) 



where H" and L** are the resistance and inuuctance of the 
drag-cup when it is considered as an equivalent single coil: 
substitutin'; has. (-3), (4), (b), and (3) into (7) and 



( 8 ) 



or 



L ^ L +Ri i ~ 

L 7T + ^ = 



L ^ ■+■ R — K0 (Nmim ?x) 




(?) 

( 10 ) 

(11) 



wnere 



L jr = Ke ^ 




(12) 



U-) 



hqs. (11) end (12) represent one method of explaining 
the actions of a drag-cup induction generator. First, the 

5 dee Appendix , r\T s-d 
^ 11 See Appendix 5, * q. !3-6 
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increment u ro.ac ,f t.ie car. cut tit ....in ficru faux, 

end volta>«s ait. induced in 1 1 tit ii cretents. The 
induced voltage causes a distribution of current in the 
cuj which is symmetrical about the Y-axis, a no iy is the 
equivalent current in a single coil, symmetrical about 
the Y-axis, that v.oulcl produce the sau.e cross-axis flux, 
|y > as V/ ° ,J l d br - produced by the su. .nation of all the 



currents in the incremental coils. The caw v»iii also be 

% *• 

cuuuin^ this cro8s~33is i'Iujl anu this v. ill injucs voltages 
in alx the incre::^ :\tz vhioh v.- ill create a curirnt distribution 
sysinietr iesl about the J-a>.is* This jrouices a:i aion^ 
the h-axis,^.. , which opposes the wain f ield flux and is 
therefore a derta*.neti 2 in£ force. 



Therefore by sol vine -QC . ( 11) au (id) for 5 , a 

y J 

time dependent equation for the current bloat the Y-axis 
can tc obtemec . iy is proportional to the .xupnitude. of the 

-axis flux ano therefore the first uerivabive of i„ is 

•/ 

proportional to the rate of chaise of flux ulou u tne Y-axis. 

From the rote of change of flux alone. the Y-axis the 
output voltage cun be obtained, 
olvir.t, ”q . (3) for i* 



h = 



K|m ? m 



L d?y R 

K3“ dt VC0 



( 14 ) 



then 

dix - _ k_/T d _ 0 _ EL/! _ 6 _ ; \ 1 q ' 

<h kU oil 2 e 2 at/ KVedt e 2 V 

substituting qs, (14) and (lo) into (18/ and rouping terms 
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*2. 2 . 2 # * • * 

_ _k ^L!i 4 - _L^4ii_ RL . RL0 i _ RL ^ • OK, • _ I/A- 
KQd{ 2 K0 2 dt <0 cU + KG 2 s K6 dt K0 ^ RWrn ,n " KQ ^ 



jLdii -L (Mk 
Kodi 2 



+ 



<?RL L © A din . ( R wp RL©\^ _ oni 

jT5 ■ KeV JT + Vk 5 +■ Ke --^h - RN 



m ( m 



or 



Jig , f 2R 
dt 2 + \ L 



0\<Ji 



?g 



0/ cU 



-h 




R 0 
LO 



^*^H q (16) 



,: ’his in the ea lation for ‘Lt curren 
the Y-axis * ince 






.etc i o t* r cj o ci t 



= 



4tt_ 

to 



1 



10 (R ^ 



^ x X 1/ s r tf s 



p , _ 4ir Ny dig 

R dt 



volts (1?) 



Theoretically, is proportional to 0. Therefore 
the theoretical performance equation should be 

(■%) i 4 = Nmim4r-0 



or 



and 



then 



L 2 



i u — Nm ? 



m ■ 



K 



cl ?n _ 
di 



R 



K 



■0 



N 0 



p , = /!4^; VNv NmirtiV K\ P = U Q 

e ° ut wvl R Ar) 9 ** a 



d-<) 



where Ka is t e theoietic'il acceleration piopoi tiwn -lity 
constant . 
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olvir.t ' a . (11) 


foi 


* ^ kJ aOs/u.t utli t . 1 


^ 9 


(17), it dai to l. ; 


.*.ht 


o COHSiGfrrtu t .i «. 6 h C t, J c; 



f ,/iv.encc eq ua t i on . 

I lie actual perform* nee equation Hill v e expreaeed cs 



e 0ut = K«[DF] e 

where [jf] is defined. as t:\e deviation function. for the 

• • 

particular type of .forcing. function, Gc 




actual 

tiierorVtTca 



per forirance- equatio n 
1 performance equa tl’on 
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i * Jk 






T 

L 



Intiouncti on 



hen }, (1C) is examined it pcais t. at t.i c- ratio 

09 / 9 • 

v ill. ts*3r>u t* o /. o t » g 1 n I* x f i i o ¥ \ at aiiy Lt'*u c*^»»->PGbCGO* 



rerc. .vf arrcn^ir,.;. . (lo) 



n* %> « vi 1.C/ ■* 5) 



djy 2R diy , 

dt 2 l at 




? H - £- 

L© 



.^♦"s 



— ^rrhm~x © 1*0) 



iy cxtr ictiii^. tl e J *. at t^r; or. the i-it slue •->< n . (h0) 
a.r:: icplaci.. t t.e ter., it crae -.et. ».iti. t...c rl r ..t houu 



t€I i 



( j. r ) j ^* * u. x a ^ a t 1 1 a , . 



_0 

Le 



K©^Nrr\?m 7^ 



_©_ 

LG 



dig 

L“ at 



+ Ri 



s 



(21) 



7 ov. it becomes apparent tnnfc as 0 spprueOi.es zero tue 
tori. J/© is always finite, 

Since the x-i f ormrce e-iuation cannot tv solved 
explicitly foi i, f , it is necc-.-sui y to solve one eqnati 
iri [t-ncrai ten.s usi.w various functions for G ..nicn v.i_i 
represent the metical use f tne device , 

The menu. etcr a i j 1 nci a d.y be cot.itcif a to ... mrvo 



w U 



i’lOtor si '.«ft or other Si.c-ft so the t the output of tnc Inch- 
or.eter , used as an accelerometer, v.ill .,c an indication 
of tue shaft accelei ation. se in this anner 3u, f _est3 
two types of shaft .notion, 

.he first shaft ration considered ^ il^ to sinuuoiusl. 



IS 



uj. s Lji c . . li.sn 1 i o * i t xi 'it. x. x> t » c "* r .~x c o i o e o 
cscoi{ ri.< .>ervo ..e-chan is.-s hosed o. utbLeu or s y ecirleu 
frequency response characteristics , « ^ie.. necessitates 
testing vritii a sinusoidal input. 

7he other type of shaft rollon conaioereu. Is tnat of 
8 sum i> couiint u,i to speca s trie resort 02 a step voltage 
input to the control phase of a servo motor . This action 
results iu t..e shaft co.hLn*, up to steady state speed, 
approximately, exponentially. fne solution for the expo- 
nential type motion also results in the steady state 



.sensitivity of the accelerometer when used in a speed 
re| ulatiiv system to Indicate shaft accelerations obout 
the re u ulutc. d a peed . 

Per for .mice legation for oir.uaoiaal otion 

Sinusoidal motion is described c.j the foliowinc equations 



0 = 0 m cos wt + C 

0 

9 = — 0 m u) sin oot 
0 = -0 m u) cos cot 



ihere G.f is the „iaxiaux. uri* ular shaft displace' .er.t 
from its center position and U) is the onyalai velocity 
of the forcing raechanisn. 

Conoiuerin,. tq. {lit) and asEUi.irvc that 



then 



k ik 

R dt 



« *X 



> ^ KQ : 

X ^ D 



;ih) 



4-7 



19 



■'O'* substituting this expression for i x into i;q. (21) 
and then substituting the resulting equation into Kq. (20), 
the following is obtained. 

..o i 1 . r ~ n 

hi) 



dju 2R d'n 
dt* + L dt 






f.ov. if it is assumed* that 



ffif » (W 



+ 



K 2 ae 

RL 



then hq . (23) becomes 

dn 



^ +|.i, = (24) 

A comparison between Eqs . (24) ana (11) shows chat i x 
has been implicitly assumed small compared to N^i^ . 

then Eqs . (24) ana (17) are solved in Laplace Transform 
notation (using $ as the Laplacian operator) the following 
enuation is obtained 



P i /A Kct 0 (&) 

e ° uM5)= Ts+r 



(2b) 



whereTeauals L/Vl. when Kq . (2b) is solved as a function 

*» 2 

of time, and using 0 = -O^cucoa tx>t , the following equation 
is obtained. 



£ 

q _ Ka Qm CO 



-h 

-e l c 



where 



kM 2 pM* 

tp = i a if' 



4 - cos 



(tot - <f) 



R 

After the transient has passed, the steady state output 



y hefer to Table 3-2 for *the validation of this assumption. 
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Table 3-1. Constants for 


lU.;, 18400 I.N oUCTIOf 


> c 




>?0n 


( = 2.163 cm 


i\ = 


2.9b 


X 


i 

o 

rH 


ohiuo 


C = 0.0982 cn 


L - 


2.00 


X 


10" 7 


henrys 


|0 = 14.3 yohm-cm 


K = 


5.35 


X 


10~ 7 


cm 


r - 1.2340 cm 












t = 0.0360 cm 


k/L = 


1030 








(R = 0.0143 cm* 1 


0 

Hr* 

tr*~> 

II 


1.01 


X 


lO"* 5 





Table <5-2. Comparison of terms in the dependent variable 
coefficient . 

Values of constants from Table 3-1 
0 = (1/8)100 Ttcos 100 ^ t 
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voitdi e ex ression cecones 



S out K a [DF] s 0 



(2d) 



where 



[d?] s is the 



Ainusoiaal deviation function. 




(£7) 



thio solution xs boseu on toe xou that 

ix « , the value of will be found* 

Fro a* the steady state solution of tc . (^4) 



U Sin(wt-u>) 

h= -Ki rn>m p ^ 2 ( -jy"' 






(23) 



but frox Eq. (10) 

d W 



, R j = KO ; 

dt + L X L ‘t 



(83) 



By solving qs. (26) and (23) for i x , it can be shown 



that 



*x < 



KGm^ 



R 



Nm? 



m < m 



-3 



) X 5.6 * '0 Nm?rn 



This verifies tie assumption and therefore Eqs. (24), 
(2d), and (27), nt, valid lor on An \ 1 T1 400 lUTJCTICF 
G KATOh if Oo 6: 1001)- . 

Performance Equation fa x exponential : otion 



Tixponenti'.l lotion is c-oscriced 



by the foiJLou in^ 



« a tiers : 



e = s. (i - e J 4) 
a _ s / 



© - Syj- 0 



So (l - e z ) 

Vr e '* 



where h 0 it the steady state speed in radians • ex second. 



t= t/^ is a new independent variable. 

i’ij. s . 4-3 (o) and 4-0 (a} shov the co_..<aiiaon or the 
assumption of exponential shaft notion and that actually 
obtained by applying a voltaic step to the control phase 
of i; two -phase servo? so tor. 

ir.ee in the exponent! a J >otion application, the cup 
has to co.r.f; Uj. to socej fro ; hero. © anu i x both start at 
zoro and remains io« , co. p&sua to (n/l)*% until © 

becomes of significant ;..a f r.itude . Mao i x starts out at 

* 

zero and regains lo*' , co .yn cd to .«,i j , ? neax zero. Using 
these two assumptions, and r.q. (bx), ,q. (bC) nov becomes 



which is the same ns to. (24). 

' ahiri, the exponential substitution foi © and cha;i{fin £ 
the variable 





U'O) 



or by simplif ioation 






C * r 



x C V 1 



VO - S, 



^ ''lm<m R U 0 



O */> 

_ ^ e-^r - ejft 

^ - l 



\ 



^ . _-k/ 

or I'wcvorJnt cat S 0 /^ e , tr,. id * <*, 

(*-0t 



i</ I 



dhj _ * , . K 

It ' Wm!m ¥ 



- e 
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the solution. Table 5-5 shows the variation of the ter.^ 
with t. 
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Table 3 - 3 . Value of dependent variable coefficient 
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Computer Comparison for 
The Lath I;epai trnent 
Laboratory , prop rammed 
taneoua solution of Lqs 



from t 0.0c to infinity 

the Derived .i erfomance cautions 
ol* the I Instrumentation 

the IB! ‘ 6b0 computer for the simul- 
. (11) and (12) usin*. the values of 



the constants for the h,’ ' 1MC0 I? TJCTICi GL 
listed in Table i-1 ana the following forcing 

e = 314(1 - e-%286) 



and 



ij«.ii I U.i G8 

functions : 



v.nere 



0 = 0m to 5\n OJt 

0m - '/8 radian 



00 = (00 1b radians/second 

The results of the computer solution served as a .. euns 
of checkin*- the assumptions made in the derivations for 
the ctuul Performance Iquations. The results of some of 
the computer comparisons are shown on i-’i^s. o~l, o-2 , 0-3, 
ana ..,-4. 



For both types of motion the 1314 6b0 provided, as part 
of its solution, the ratio ( whicn represents 

what hes been defined cn the Deviation Function. 
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For sinusoidal notion, where the derived Deviation 



Function is 



[of], = 



-it 



[n-fatf] 



*/2 



the following comparison resulted: 

-j 0.282 

e 

( _j 0.290 

Derived value [df] s = ~ ; ■ 0AA — 6 



IK.: 650 [of] = , 046 



In the derivation for the Sinusoidal Deviation Function 
the value of i x was assumed to be small compared to N 1 , 

/. check on this assumption was made by having the IBM 650 
compute the value for i x . The maximum value of i x from 
the computer solution was 0.09 while K ra ij„ is 20,65. This 
comparison verifies the assumption used to obtain the 
Sinusoidal Deviation Function. 

For exponential motion, the IS?,; 650 Computer was used 
to solve the equations up to t = 0.0.J seconds, where the 
Exponential Deviation Function changed form. 

Table 3-4 gives a comparison between the IBM 650’ s 

and those obtained from the derived 
Exponential Deviation Function, which is 

[DF] e) = l-e^ 

The derivation for the Exponential Deviation Function, 
[df] t 1, also assumes that, for time prior to 0.03 seconds 
the value of i x is small compared to h rri i n . The IBM 650 
Computer solved for i x and at t = 0.03 seconds, i x = 0.0605 



values for 



(VCr,*) 



Table 3-4. Values- obtained for 



xponential Deviation Function 



Time 


From I Hi' 650 


From [df] l:1 


0.0004 


0.3444 


0.3430 


0.0012 


0.7135 


0.7163 


0.0020 


0.8803 


0 .8775 


0.0040 


0.9880 


0.9050 


0.0060 


1.0010 


0.9982 


0.0080 


1.0030 


0.9998 


0.0090 


1.0030 


0.9999 


0.0100 


1.0030 


1.0000 


0.0200 


1.0010 


1.0000 


0.0300 


0.9972 


1.0000 



while N cl i m is HO. 6b. This comparison verifies the assusiption 
used to obtain the Exponential Deviation Funotiori for time 
prior to t = 0.03 seconds, and after this time the effect 
of the increasing i x is included in the second Exponential 
Deviation Function which is 








C t 7 R 1 
TJ O'. ) TCT > 



Introd jction 

In order to confirm the effectiveness f an u-c tachometer 
used as an accelerometer , teste vere canaacteu or; the m A 
1J1400 , drat -cup type, inu action \ onerutor . .s has teen previous- 
ly stated, this choice .us one oi* convenience . fne tachometer 
(inauction c ener utor ) used was connected ox 4 t. cotton shaft 
with a modifies ."C/JIb CK 3004 , t..c-ph<.se , 400 cps, induction 
motor. Fi^s. 4-1 and 4-2 show sketches of the test setup for 
the exponential ...otion and "fable 4-1 describes the taCno^eter 
and motors used. /or reasons taat .viil be stated later, it 
was necessary to connect another .otor {tv.o-puase, 00 cps, 
induction motor) to the shaft extension or the 400 cps motor. 

One of tne usual test signals to servomechanisms is 
sinusoidal. Therefore it was desirable to toot tne uceeuer- 
oraeter with sinusoidal notion. Another reason for this type 

of test v. a s to provide tv.?o independent .methods of chec<ine, 

* 

the constants analytically derived . Iso tnls type of test 

( b ) ( 4 ) 

was used by Fcvvle and Lovett ' to obtain K k , tne 
acceleration proportionality constant, unu it was part of 
the object of this thesis to verify or limitations on 

their conclusions . 

For the sinusoidal motion, tne 6 cps ...otor was removed 
anil the 400 cps motor shaft was connected uiiectry to the 
sinusoidal atroKin ( , attachment of tae . .1.1’. 3s rvoo.ee ha nisma 
Laboratory irie-Drive 
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T'i'iDIX 

400cps I.* OTOR 



C. 3 



DIEHL 

60cp3 

KOTCH 



Fig. 4-1. Sketch of test set-up for exponential motion. 



Table 4-1. Description of Units 
MV, LA 1P400 INDUCTION CBilLR.ATGR 
4-pole, drag-cup type 
Normal excitation 115 volts 400cps 
3EIDIX CK 3004 IKDUCTIO! 7 OTOR 
2-pha3e, 12-pole 

Lain field excitation 110 volts 400cps 
Control Field excitation 220 volts 400cps 
DIEHL CDA-211052 INDUCTION ! OTOR 
2-phase, 2-poles, 2/5 watts 
Normal excitation 75/115 volts 60 cps 
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> llS’v-fiOcps 9 




Fig, 4-2 o Wiring diagram 
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X'-orenoia 



. otion ests 



The purpose of chi', tf st 'os to provide t..e «uai‘t of 
the t* ehor..eter with exponential -..otion tl.a - coaiu be inscribed 
by the equation ^ 

6(0 = (' “ e // ' X ) 

v here T 0 in tie steady stale speed and r is the tire constant 
of the exponential curve. It was felt that mis could be 
done by applying n step voltage to the control phase winairn,. 
of a two-phase inauction motor . fits . /t ~- (n) md 4-6 (a) 
show the shaft speed-time relntiouSi.lp resuitii.;. fret this 
type of step input. 

Tne first part of this test was to calibrate the control 
phase volt&fC settiin to resulting shaft steady slate speed. 
Tr.is calibration was don*; its a stroboscope. The- tscho.-.eter 
v.as excited with 110 volts-400 cps arm the output \ olta^e 
read with various settings of We motor control phase volta; e. 
The results' of these call ’oi rations cue shorn on .'irs . 4—1 ana 
4 - 5 . 

.it!, the taebo ett.i call ora tod, it ».ao possible to 
deter., ine tl.o snaft steady state spe-eu fro... the tachometer 
output voltage (when excited with llOv-luO cps). 

The acceleration v rs u.e&curcu by record itr ti.e tachometer 
output, when t..e tacno..,etei v as cxcitou with u-c, o.. c .'.unborn 
hoc order . The paper spedd was approx Lately 100 m./second . 

The actual ti..e measure. .cuts were made by the use of a dJcps 
ti...ir. t/ trace on the recorder tape. 

For any particular set of readings, the steady state 
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(b) Tachometer Output Voltage-Time 
Tachometer Excitation 70ma - d.c. 
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(c) Tachometer Output Voltage-Time 
Tachometer Excitation 60ma - d.c. 
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(d) Tachometer Output Voltage-Time 
Tachometer Excitation 40ma - d.c. 
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Fig. 4-6. record s of Exponential lotion iVst: 
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speed was set V leading. the output v^lts» L e of t».e a-c 
excited tacnoueter » ;'hen the . otor v/c s shut off and the 
output of the ti-c excited tachometer was fed, uirough a 
demouuiotor, into the recorder . .hen the ..otor was turned 
on, tne demodulated tachometer output »Vu8 recorded. This 
is shown on Fig. 4-6 (a). The naxinu.. value of the curve 
corresponds to the steady state speed measured from the 
tachometer output voltage ana tnc time constant is that 
time at which the curve has reached do. 2 percent of the 
steady state value. 

After this speed curve was obtained, the excitation of 
the tachometer was changed to d-e and the potentiometer 
{Fig. 4-2), was adjusted to provide the excitation current 
desired. Jsing the 3 a me setting on the motor control phase 
voltage, and with tne tachometer output feu directly into 
the recorder, the motor was again turned on ar.d n.^v. a voltage 
output proportional to acceleration was obtained. Ti f s. 

4-6 (b) through 4-0 { d ) , show this output voltage-time 
relatiensnip. 

The recorder was then voltage calibratcu to obtain a 
scale for measuring the output voltage from the accciei one ter 
(d-c excited tachometer). 

There were oscillations present when the accelerometer 
output should have been at a steady state value of zero 
which would correspond to the steady state constant speea. 

An investigation of these oscillations leu to changing from 
the 400 CyS motor, with its cc. non. shaft and connecting, iron 
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casin with the taehovxter, to the use of a 60 cps z*o tor, 
connected to the shaft extension of the 400 cps r.otoi- 
tachomater unit. .hen ths tachometer ves not excited, hut 
one of the 400 cps motor phases abb excited, a study of the 
tachometer output revealed the presence of a 400 cps signal, 
even with the shaft stationary. 

To eliminate this unwanted signal, the 60 cps motor 
was connected to the shaft and the 400 cps <notor was left 
de-energized. Anothei unwanted signal was noted when the 
shaft was rotating at constant speed . The output was put 
on an oscilloscope and the signal was predominantly 800 cps 
when the 400 cps motor wu3 used. It was decided that this 
signal was due to the normal double frequency torque vari- 
ations of two phase induction motors. This was proved by 
observing the same condition when uoing the 60 cps motor. 

The predominant signal was now one of 120 cps, plus some 
higher order harmonics and also a signal of a lower fre- 
quency (approximately 4b cps). It was found that the lower 
frequency was reduced and the 120 cps signal mad® more 
predominant by changing the coupling from flexible rubber 
to a more rigid metal one. The Increase in coupling 
rigidity had improved the reproduction of the torque 
variations of the motor and these torque variations pro- 
duced detectable variations in angular acceleration. This 
detection of the motor torque variations proves the effec- 
tiveness of the device as an acoeleror eter. 
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l otion 

8tatCd prGVi0U31 - «™ol M ,,otion ,«u obtained 
* C °" metint t! ‘ e 400 •>-« extension, jlrecWy 

onto tU .sinusoidal stxoKi,,.: attaoWnt oi U:a . .l. T . Servo _ 
necnsrus.us La loi story Sino-I-rive {1G) . 

* ifi* 4-7 show a a ^pfp*' ,,p r, 
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This test consisted of measuring r and ^ to determine 
9 n and then making various settings of the forcing frequency, 
to , ami then recording the accelerometer (d-c excited 
tachometer) output voltage. Fig. 4-8 is the result of a 
series of these tests. 

«hen it became apparent that the curve was sloping 
upward with increasing forcing, frequency, contrary to Eq.(27), 
the output was examined on on oscilloscope. It was found 
that the fundamental frequency approached a square wave with 
increasing frequency and become more sinusoidal at lower 
frequencies. The excitation on the tachometer was changed 
to 400 cps and uov. the output, which then represented shaft 
velocity, appeared on the oscilloscope as a 400 cps carrier, 
modulated with a triangular wave when the forcing frequency 
was high. This again confirms the fact that the tachometer, 
with d-c excitation is performing one more differentiation 
than it does with a-c excitation. 

The detrimental effect of the square wave accelerometer 
output was that the output voltage readings were being made 

with a vacuum tube voltmeter which reaa the root mean square 

* 

(nas) value, and this value changes with wave 3hupe. Oince 
the rms value of a wave increases as the wave shape goes 
from sinusoidal to square, this would explain the upward 
slope of the curve with increasing frequency, as shown on 
Fig. 4-8. 

In general the testing mechanism is unsatisfactory for 
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COMPARISON OF THEORETICAL OUTPUT VOLTAQE 
’ WITH EXPERIMENTAL j RESULTS FROM , 
SINUSOIDAL AND EXPONENTIAL TESTS 



OUTPUT VOLTAQE 



*,/ -EXPERIMENTAL 
OUTPUT VOLTAQE 
SINUSOIDAL TEST 
(CORRECTED FOR 
WAVE SHAPE) 



_ L 



experimental 

OUTPUT VOLTAQE— 
EXPONENTIAL TEST 
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this ty^-c or use, since >.:,e air.e»iuive itse^l io rot acsi^nea 
to drive a large inertia (a tachometer dra£-cup rotor plus 
the 400 cps motor rotor in our application) and t:,e sine- 
drive is limited in free uaacym The sine-drive does have a 
scotch-yo ! ce attachment lor driving heavier shafts hut this 
attachment is limited to e. frequency of lu cpa. 



CH/PTibix 5 



DlbCiHSION OF TE3T RESULTS 
Exponential Tests 

A voltage output scale was made frox. the calibration 
of the Sanborn Recorder. This scale was used to pick off 
voltage values fron the recorder tape representing acceler- 
ation for a particular time. The time scale was based 
on the 00 cps timing trace. Examples of the recorder 
tapes are shown on Fig. 4-6. 

The values for velocity, 9, were taken from Fig. 

4-6(a) end plotted on Fig. 4-3(a). The values for acceler- 

*• * 

ation, 9, as shown on Fig. 4-3(b), were obtained graphically 
from Fig. 4-3(a). 

• •• 

Using the values for 9 and 9, and the values for e QUt 
at selected time intervals, it was possible to solve for 
values of K/R and thus Koc. , by trial solution of 



0 out 



6 out 




The values of the other constants were obtained from 
Table 3-1. 

By averaging the results from seveial values of time, 
the value of K/li = 1.05 x 10~' 5 was obtained. This value 
was used to compute a new Ka which is now 7.42 x 10 -0 
volts/radian/second^ . 

Fig. 5-1 shows the use of [df}^» using the experimental 
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0(y\- 1 

0.0 0.1 0.2 0.3 0.4 0.5 

TIX.K , seconds 

Fig. 0-1. Comparison of values of computed Deviation 
Function to experimentally determined values. 

value of K/R, to compare with experimentally determined 
points . 

oinusoidei Tests 

As previously stated in Chapter 4, the root-moan-3qunre 
(rras) output increased with increasing forcing frequency, 
due to wave shape degeneration. Based on the observations 
of the wave shapes on an oscilloscope, the rna values of 
output voltage were corrected for wave shape. To make 
this correction for wave 3hape the frequency at which the 
output wave shape was sinusoidal, and that frequency at 
which the wave shape becarao square was determined. The 
rms values were corrected to peak values based on the 
assumption that the r&3 values for the changing wave shape 
increased linearly with frequency, up to the value for a 



DO 




square wave. The effect of this correction is shown on 
Fir . 4-3. 

After the wave shape correction was made, the slope 

• • 

of the voltage output vs 0 curve of Fig. 4-3 provided the 
experimental determination of the acceleration Proportion- 
ality Constant Ka. 

Summary of Te3t Results 

loth test methods provided an independent means of 
determining Ka. The results of the tests were 

Ka = 7.42*10 volts /^ d “- Tt g from exponential test 

/ second 

Ka^ 6.75 x 10 volts/- from sinusoidal test 

/ second 

Since these two vqlues compare favorably, the value 
of K/li determined from the exponential test is considered 
as being correct. This value was X/R = 1.0b x 10” ^ and 
is lower than the 1.81 x 10” that was predicted. The 
predicted value was based on the derivation of H in 
Appendix A. It is Known that the derived value of K should 
be Increased, since the derivation aid not consider any 
resistance in the return paths between the two incremental 
coil 3ides (shown on Fig. A-l). An increase in the derived 
h will reduce the predicted k/r, bringing this ratio closer 
to the experimentally determined value. 
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CHapTEK 6 




Performance Equations 

The comparison between the tv.o experimentally determined 

Acceleration Proportionality Constants, K a , verifies the 

analytical approach used in Chapter 2, if the value derived 

% 

for R is modified as suggested in Chapter 0. This verifies 
the practicality of predicting the proportionality constant, 
to a reasonable degree of accuracy, from only the physical 
measurements . 

The IBi* Computer comparisons proved the accuracy of the 
assumptions used in the derivation of the Actual Performance 
Equations . 

Therefore the Actual Performance Equation of a d-c 
excited, drag-cup, tachometer, is considered to be 



where 




for sinusoidal motion 



= tan 
oo = 



-1 Loo 
“~R~ 

forcing frequency 



or expressed in operator notation 




a dynamic lag 





for exponential motion t < 0.03 



for exponential motion t > 0.03 



For the nhl , 15400, the K/li value has been changed, 
fror» that listed in Table <3-1, to the value 1.0b x 10”^ 
that was determined experimentally . The value of h/L is 
now 1Q15 and this gives a break point for [df] of 209 cps. 

The above performance equations place limitations on 
the statement that the output voltage, of a d-c excited 
drag-cup tachometer, will be proportional to the shaft 
angular acceleration. 

The normal use of this device in servo mechanisms, 

will be with sinusoidal shaft motion at frequencies where 

the Deviation Function has negligible effect. As the 

forcing frequency approaches the break point frequency, e 

phase lag will develop, which is in contrast to the effect 

(b) 

noted by Towle . It is felt by the authors that Fowle, 
since he used a similar sine-drive, experienced the same 
wave shape degeneration with frequency, that the authors 
noted. This wave shape degeneration is discussed in 
Chapter 5. 

Test Procedures 

As previously stated in Chapter 4, the authors feel 
that u better method of sinusoidal shaft excitation is 
required if information is to be obtained above 20 cps. 

It is desirable to excite the shaft at higher frequencies 
to locate the break point frequency, and thus have an 
accurate means of determining h/L. Below 20 cps it is 
felt that the sinusoidal excitation provides an easy method 
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of obtaining the value of the Acceleration Proportionality 
Constant . 

If the d-c excited tachometer is to be used us an 
accelerometer in a speed control mechanism, or in a manner 
that involves acceleration 'up to a constant speed, the 
exponential type test is recommended as the only method 
of determining the variation of the Deviation Function with 
shaft velocity. 

It is felt that the Sanborn Recorder method of measuring 
the output voltage i3 adequate if a satisfactory preamplifier 
is available. In the exponential teat method it is important 
to eliminate any source of shaft vibrations and it is advis- 
able to use a d-c drive motor or possibly a drag-cup 
induction motor to eliminate the "cogging" effect of a 
wound rotor a-c induction motor. 

The effect of shaft vibrations will be present regardless 
of the testing method used but is more apparent with the 
exponential test method. 

Accelerometer Design Considerations 

In any discussion of accelerometer design considerations 
it is necessary to examine the parameters that. maRe up the 
Acceleration Proportionality Constant, K« , and also the 
ratio R/L. 

Neglecting all constants and considering only the 
parameters, K« becomes, 
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Y I'tm'm 



(r)(r 







R 
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It is desirable to have !</ L large to reduce the transient 
effect for the exponential motion and to increase the break 
point frequency for the sinusoidal motion. It is also 
desirable to have K /li large to increase the magnitude of 
tho K a. • ISxamlnution reveals that both ratios contain 
the same parameters ana an increase in a parameter will 
increase one ratio but decrease the other. Therefore any 
change of parameters that are mutual to R/L and K/R would 
hove to be based on an optimization stuay of the perform- 
ance equation for u particular use. 

This leaves oxily the length of the pole face, the 
winding turns and the excitation current as parameters 
if optimization is not considered. 

Any increase in the number of winding turns would 
involve a study of space, heat, wire size, excitation 
current and conductor resistivity. 

If inertia is not critical, increasing the length 
of the pole face is an effective way to increase Ka . 
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The purpose of this derivation is ta obtain a sinp^e 
turn rotoi coil , with an equivaler t resistance, which, nii.1 
produce the sane ruof alone the output axis a j v, oulu Le 
prod iced by the current sheet in the draf-eup, 
deferring to "ifs. -1 and ~2: 

d\= NBdA 

- B m J(r(|-) c lGe (,-l 

% 

where A is the total ninth* r of flux lines linked by the 
single coil (h=l), one B u is the flux density in t ausses 
(lines per square centineter). 3ir.ee the area is expressed 
in electrical units, 15 . has to be modified by the factor, 
2/p, to take care of the difference between electrical 
decrees and echanical decrees. 




- -£-!£. B m 31 r 1 i ne s ( A- 2 ) 

r 

-51 nee one coil links A Tlux lines, the resulting 
distribution of lines is 



X _ lines 
-fT " 'YudllTn 

r ?hi3 derivation is psrtieiTy 'acaptcw fro./ Titl^eraict and 
in t „sley 



06 




c = 0.098 cm Resistivity of cup = 14.9 uohms-cn 
1 * 2.163 cm 
r = 1.934 cm 
t » 0.036 cm 

L'ain winding turn3, N r = 290 
Quadrature winding turns, Ky = 406 

Fig. .4-1. Physical dimensions of an AliKA 1B400 INDUCTION 
Or.KRRATOK 
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OUTPUT (Y) AXIS 



I 





©e and Oc measured in electrical radians 
in electrical rsdians/sccond 
6 in mechanical radians/second 
B ;; , maximum flux density ir. gauss 



ig. 1-2. (a) Jingle incremental rotor coil, (b) Diagram 

of a single coil in a rectangular flux distribution. 
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if ^ach coil siuc ia woviin at co electrical radians p*r 
second, an: since 



e« = 



•s 



d}\ 

at 

IT 



CO = 



4-Bm ir a) 

plO 6 



volt: 






If mechanical radians are substituted for electrical 



now 



e s = 4 B m ire 



10 ' 



volts 



( ,.-4 ) 



This is still a general expression for a single 
incremental coil at position 0( . In this derivation the 
coil is considered to have only resistance, or for conven 
ience, conductance. The conductance of one coil side* is 



- tr dig 
(Of 



ohm. “■ 



oince the coil consists of two of those increments in 
series and the conductance of the return pains in tne cup 
arc considered to have infinite conuuc tance , then 



Gc 



t r da 



ohr. 



-1 



(A-b) 



liiis will be the conductance of one incremental coil 
repardlesn of the number of poles. The general expression 



* r Ke"fer Fij, . -A-i' 



5S 



l'ci iii.c carre.it in <n*e ineie-. ex.tai coil tecoies 




c 




6 3 Gc 




amperes 

radian 



The value of current in the incremental coil can also 
he consio.ered the cuxre..t. density , in a. .peres per radians, 
of a current sheet of uniform current density as illustrated 
in • t *i£. .-i (a). 

The .:ir;f actin’ on any path is equal to the total current 
enclosed bj that path. If path /if.. A-Z (a), is chosen 



The : J.f mu..nitude is one half the total current since 
this current must force flux across tv-c air paps. 

If path b. Kit. A -3 ( b ) , is cnooex., the i.et enf is zero 
since the currents cancel oat. The result i Cm f 03 ve , 
as shown in ’’ip . /.-3 (c), with a maximum value of 




1 /4ir\ 

2 l 10 ) 




V/////////A//////////, 


Path A 


i 


i 

i 


1 


W///////////////////A 






0 Tr 


2TT 





(a) 




(b) 




Fig. A-3. (a) , (b) Uniform current sheet, mmf paths, (c) .Mmf 
wave, (d.) Equivalent coil mmf wave. 



•31 



(d) represents u single coil tnut v-ili produce 
tLe same ir.mf effect alon^; the output axis (OA). For tue 
effect of the single coil to be tne sa;;.e as for the current 
sheet, area a be must equal area aef£. therefore 




By equating., out tnfc similaz teivuj in tne expression 

8p-* 



above, it is possible to consider 



plftF 



ea the ecsui valent 



resistance of the one. turn coil of Fi<_ . A-b (d). This 
resistance will produce a current in this equivalent coi 
which in turn will produce the sare effect clon £ the 

output axis. 

Therefore 



R = 



<3p^ 

pit tr 



Old^S 






R = 



Fox* the ^ ivi r 1B400 I’.JuC TlJi’ QtLjl* FU nTOii with 4 poicS^ 

^ ohns . (A-o) 

It tr 



OK 



./jc 2 f.;c 



it I' J IA L 

’ t-SV ,TIC\ Ox' Mil ’ ,1.: , 2 xvC C\n I 

fixe purpose of tais derivation is do obtain a value 
of inductance for a single turn coil that is equivalent 
to the inductance of the entire cup. 




Pi*. . J -l. Current distribution in tne dra L -cup 



7he derivation assumes that the current io uni lomup 
distributed over four quadrants (four pole machine), with 
the directions of flow as shown in Kit* o-l. ?hc uctuar 



space orientation of these quadrants depends upon tne 
orientation of the resultant rotor flux ut any par ticulai 
instant of tine . 

sch quadrant is considered to be a fiat plate in an 



JO 



air ti&Pt as shown iu Fit* 




(•'if.* 3-2. Hat plate representation of a ciie^-cup quadrant) 

1’hc flux pi oduc^d by the incre: entsi turn, v„ith aides 
at X, is 



a^> = 



4 If Ndl 



1 



10 <R 



ines (maxwells) (B-l) 



where 



6? = 



(qap) _ qj 



crn"i 



area 2%r 

and 1 is the axial length of tue pole face, is the length 
of the air yep, and qI is the current (in amperes) per radian 
or the current in tnc incremental coil. The flux per pair 
of poles is also d;| since for c pair of poles there v.oulu 
be 2a I and 2g. 

The number of flux linkages, dA, with the electric 
circuit (per pair of poles) is 



dX = d(t>hL-X 



■ W) l^W 



lines 



02 since 



tlien 



^= r 77 



amperes 



d X 



- W-jl— 



lines 



( b-h } 



where I is the total current in the cup under a pair of 
polos, and is assumed to oe unifortJLy distributed ovei tne 
cross-sectional area. Therefore the total linkages, per 
pair of polos, is 




The inductance, per pair of poles, can now be expressed 



us 




v eber- turns jr henry8 
ampere 



and 



_ 4irJ?Xo 
3cj 



x I0' q 



henrys (q-4) 



Xo " 



2irr 

2p 



IV r 

F 



ob 



T.,e iiijuc- 



» here p i£ i he nu, her of ^olcs of toe ueviee . 
tonce no' becomes 



-9 

^ henry s/y^ir oi poles (b-b) 

usinr the measure. merits of tne km > 1B400 I. >JCTl'Ct 
G' ». -ii/TOIt fro;:. Table o-l, the value for 1. ( conoiueriri c ' 
tco pairs of poles) becomes 



L = illrl , 
3 qp 



L = (2) 



41 V 2 rJ 
3 ^( 4 ) 



_1 

*10 



= 3 IV 2 (a.!63)fl.934) 
3 ( 0.0^82) 



~ 3.80 >ciQ~ 7 



henrys 



( B - d ) 



Ct 



n- 

U 



* - ;• six 
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